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Abstract
Given a topological spaceX together with subspacesX0 andX1 such thatX =X0∪X1 and setting
X2 =X0 ∩X1, there is a quotient map pi :M→X, where M is the double mapping cylinder of the
cotriad X0←X2→X1. We prove that if (X;X0,X1) is excisive, then pi is a weak equivalence. We
use this fact to give a correct proof of a theorem on maps of excisive triads due to J.P. May. Ó 1999
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The concept of quasifibration was introduced by Dold and Thom [1] and has since been
applied to a variety of problems in topology and algebra. In particular, quasifibrations are
quite important in the topological foundations of Quillen’s higher algebraic K-theory [4].
In [2], May gave a new perspective on the basic theory of quasifibrations. The main
theorem of [2] is stated in terms of excisive triads and reads as follows. It implies a
version of the basic theorem [1, Satz 2.2] of Dold and Thom on quasifibrations, and further
applications of it are given in [5] and [6]. Recall that a triad (X;X0,X1) is excisive if X is
the union of the interiors of X0 and X1.
Theorem 1 [2, Theorem 1.2]. Let f : (X;X0,X1)→ (Y ;Y0, Y1) be a map of excisive
triads and let X2 = X0 ∩ X1 and Y2 = Y0 ∩ Y1. Let n be a positive integer and suppose
that f : (Xi,X2)→ (Yi , Y2) is an n-equivalence for i = 0 and i = 1. Then f : (X,Xi)→
(Y,Yi) is an n-equivalence for i = 0 and i = 1.
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Here a map of pairs f : (X,A)→ (Y,B) is an n-equivalence if
Im
[
pi0(A)→ pi0(X)
]= f−1∗ Im [pi0(B)→ pi0(Y )]
and, for each a ∈A, the function
f∗ :piq(X,A,a)→ piq
(
Y,B,f (a)
)
is a bijection for q < n and a surjection for q = n.
Garth Warner pointed out an error in May’s proof. In [3], May gives a correct proof of
the following consequence of the theorem.
Corollary 2. If fi :Xi → Yi is an n-equivalence for i = 0,1,2, then f :X→ Y is an n-
equivalence.
The proof of Corollary 2 as given in [3] by May, can be adapted to give a proof of
Theorem 1. However, the presentation that we give here is simpler. It depends on the
following special case of Theorem 1, for which the proof given in [2] is valid. We say
that a triad (X;X0,X1) is open if X =X0 ∪X1 and X0 and X1 are open in X.
Theorem 3. Theorem 1 is true if (Y ;Y0, Y1) is an open triad and Xi = f−1(Yi) for
i = 0,1,2.
The main result of this note is as follows.
Theorem 4. Let (X;X0,X1) be an excisive triad, let X2 = X0 ∩ X1, and let M be
the double mapping cylinder of the cotriad X0 ← X2 → X1. Then the quotient map
pi :M→X is a weak equivalence.
We first observe that Theorems 3 and 4 together imply Theorem 1. We then use
Theorem 3 to prove Theorem 4.
Proof of Theorem 1. TakingM =X0×0∪(X2×I)∪X1×1⊂X×I , we defineMi ⊂M
by
M0 =X0 × 0∪X2 × [0,5/6),
M1 =X2 × (1/6,1] ∪X1 × 1,
M2 =M0 ∩M1.
Similarly, let N = Y0 × 0∪ (Y2 × I) ∪ Y1 × 1 and define Ni ⊂N by
N0 = Y0 × 0∪ Y2 × [0,5/6),
N1 = Y2 × (1/6,1] ∪ Y1 × 1,
N2 =N0 ∩N1.
Let g :M→ N be the map induced by f and observe that Mi = g−1(Ni). By Theorem 4,
the quotient map pi :M → X is a weak equivalence, and pi clearly restricts to weak
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equivalences Mi → Xi for i = 0,1,2. The same holds for the quotient map ρ :N → Y .
The hypothesis on f in Theorem 1 implies the analogous hypothesis for the map of triads
g : (M;M0,M1)→ (N;N0,N1).
Theorem 3 applies to this map of triads to give that g : (M,Mi)→ (N,Ni) is an n-equiva-
lence for i = 0 and i = 1, and the conclusion of Theorem 1 follows. 2
Turning to the proof of Theorem 4, we let X
◦
0 and X
◦
1 be the interiors of X0 and X1 and
let X
◦
2 =X
◦
0 ∩X
◦
1. Let K be the double mapping cylinder of the cotriad X
◦
0←X
◦
2→X
◦
1.
Theorem 3 gives the following conclusion.
Lemma 5. The quotient map K→X is a weak equivalence.
Therefore, to prove Theorem 4, it suffices to prove that the inclusion K→M is a weak
equivalence. We do so by factoring this inclusion through inclusions K ⊂ L⊂M , each of
which is a weak equivalence. Thus let L= L0 ∪L1, where
L0 =X
◦
0× 0∪ (X
◦
0 ∩X1)× [0,1/3)∪X
◦
2 × [0,2/3)⊂X× I
and
L1 =X
◦
2× (1/3,1] ∪ (X0 ∩X
◦
1)× (2/3,1] ∪X
◦
1 × 1⊂X× I.
Let L2 = L0∩L1 and observe that (L;L0,L1) is an open triad. The following two lemmas
complete the proof of Theorem 4.
Lemma 6. The inclusion α :K→ L is a weak equivalence.
Proof. Let Ki = α−1(Li) for i = 0,1,2 and observe that K = K0 ∪ K1. Clearly K2 =
L2 = X
◦
2 × (1/3,2/3). Since K0 and L0 both have X
◦
0 × 0 as a deformation retract,
α :K0→L0 is a homotopy equivalence. Similarly α :K1→ L1 is a homotopy equivalence.
The conclusion follows by Theorem 3 applied to the map of triads α : (K;K0,K1)→
(L;L0,L1). 2
Lemma 7. The inclusion β :L→M is a weak equivalence.
Proof. Define Mi as in the proof of Theorem 1 and define L′i = β−1(Mi). The quotient
map pi :M→X induces maps of open triads
(L′2;L′2 ∩L0,L′2 ∩L1)→ (X2;X2 ∩X
◦
0,X2 ∩X
◦
1),
(L′0;L0,L′0 ∩L1)→ (X0;X
◦
0,X0 ∩X
◦
1),
(L′1;L1,L′1 ∩L0)→ (X1;X
◦
1,X1 ∩X
◦
0).
Theorem 3 applies in each case, and we deduce that L′i → Xi is a weak equivalence for
i = 0,1,2. It follows that β :L′i→Mi is a weak equivalence for i = 0,1,2. The conclusion
follows by Theorem 3 applied to the map of triads β : (L;L′0,L′1)→ (M;M0,M1). 2
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